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RK (Reproducing Kernel) , Hilbert RKHS
( $=\mathrm{R}\mathrm{K}$ Hilbert Spaces) , RKHS
. Hilbert proper ,
.
, ,






\S 2. Hilbert RKHS
$\Gamma$ $\prime H=\mathcal{H}(\Gamma)$ Hilbert
(RKHS ) , :
$\langle\langle$RKHS $1\rangle\rangle$ $\mathcal{H}=\mathcal{H}(\Gamma)$ Hilbert . , $\langle\cdot, \cdot\rangle$ , $||\cdot||$
,
$\langle\alpha x, \beta y\rangle=\overline{\alpha}\beta\langle x, y\rangle$ $(x, y\in H, \alpha, \beta\in \mathbb{C})$
.
$\langle\langle$RKHS $2\rangle\rangle$ $\Gamma\cross\Gamma$ $K=K(s, t)$ ,
$\forall t\in\Gamma$ $\Gamma$ $K_{t}(\cdot)=K(\cdot, t)$ $\mathcal{H}$ (i.e., $K_{t}\in H$ ) ,
$x=x(\cdot)\in \mathcal{H}$
$x(t)=\langle K_{t}, x\rangle$ , $t\in\Gamma$. (2.1)
2 $K=K(\cdot. \cdot)$ RKHS $\mathcal{H}$ ( $\mathrm{R}\mathrm{K}$ ) , ’H
$K$ $\mathrm{R}\mathrm{K}$ $\Gamma$ RKHS .
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RKHS $\mathcal{H}(\Gamma)$ RK $K=K(\cdot, \cdot)$ – , $K’=K’(\cdot, \cdot)$
RKHS $H(\Gamma)$ $\mathrm{R}\mathrm{K}$ , $\forall t\in\Gamma$
$\langle K_{t}’, X\rangle=x(t)=\langle.K_{t}.’ x\rangle$ for $\forall x\in \mathcal{H},$ $\forall t\in\Gamma$
$K_{t}’=K_{t}$ .
$K’(S, t)=K_{t}’(s)=K_{t}(s)=K(s, t)$ for $\forall s,$ $t\in\Gamma$.
RKHS examples , –
(\S 3, \S 4) .
, , $\mathrm{R}\mathrm{K}$ . $\mathrm{R}\mathrm{K}K=K(\cdot, \cdot)$
$\langle$RK $1\rangle$ $K(s, t)=\langle K_{S},$ $K_{\iota\rangle}=\overline{K(t,s)}$ $(\forall s, t\in\Gamma)$
$\langle$RK $2\rangle$ $\sum\overline{\lambda}_{i}\lambda_{j}K(ti, tj)\geqq 0$ $(\forall t_{1}, \cdot\cdot\cdot , t_{n}\in I^{\urcorner};\forall\lambda_{1}, \cdots, \lambda_{n}\in \mathbb{C})$, i.e., $\{\alpha_{ij}\}(\alpha_{ij}=$
$K(t_{i}, t_{j}))$ .
$\langle \mathrm{R}\mathrm{K}3\rangle\{K_{t} : t\in\Gamma\}$ $\mathcal{H}=\mathcal{H}(\Gamma)$ span .
$\langle \mathrm{R}\mathrm{K}4\rangle|K(s, t)|^{2}\leqq K(s, s)K(t, t)$
$\langle \mathrm{R}\mathrm{K}5\rangle\forall\{x_{n}\}\subset \mathcal{H}$
$x_{n}arrow x$ ( ) $\Leftrightarrow x_{n}(t)arrow x(t)(\forall t\in\Gamma)$ $||x_{n}||\leqq M(\forall n)$
{ $\mathrm{R}\mathrm{K}5)$ $(\Leftarrow)$ . . , $\exists \mathit{1}\mathrm{W}_{1}>0:||x_{n}-x||\leqq \mathrm{J}^{\ovalbox{\tt\small REJECT}}I_{1}(\forall n)$, $\forall\epsilon>$
$0,$ $\forall y\in \mathcal{H}$ , $\sum\alpha_{j}K_{t_{j}}$ $||y- \sum\alpha_{j}Kt_{j}||<\in$ .
$|\langle x_{n}-x_{\ovalbox{\tt\small REJECT}}\backslash y\rangle|\leqq|\langle x$ $-x,$ $y- \sum\alpha jKt_{j}\rangle|+|\langle x_{n}-x,$ $\sum\alpha jK_{\iota_{j}}\rangle|$ .
Schwarz
$\langle x_{n}-X, Kt_{j}\rangle=x_{n}(t_{j})-X(t_{j})arrow \mathrm{O}$ $(\forall j)$
.
, :
2.1 $\Gamma$ Hilbert $\mathcal{H}$ RKHS
$(\mathrm{R}\mathrm{K}6)$ $t\in\Gamma$ $\mathcal{H}$ $\circ t((x)\ovalbox{\tt\small REJECT}=x(t))$ $ft$
( $\mathrm{i}.\mathrm{e}.$ , $\in \mathcal{H}^{*}$ ).
Hilbert Riesz ( )
. , RKHS .
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\S 3. BL\mbox{\boldmath $\lambda$}




, $f,$ $g,$ $\cdots$ . , t $\mathbb{R}=$
$(-\infty, \infty)$ 2 :
$\int_{-\infty}^{\infty}|f(t)|2dt<+\infty$ .
F $f,$ $g,$ $\cdots$ L2- , (
) Hilbert $L^{2}(\mathbb{R})$ . $f$ Fourier
$\hat{f}(\omega)=1\mathrm{i}.\mathrm{m}\dot{T}arrow\infty$. $\int_{-T}^{T}f(t)e^{-2i\iota_{d}}t\pi\omega$ (3.1)
. 1. $\mathrm{i}$ . $\mathrm{m}$ . $L^{2}$- . $f$ (i.e., $f\in L^{1_{\cap}}L2(\mathbb{R})$ )
1. $\mathrm{i}$ . $\mathrm{m}$ . , Lebesgue , $L^{2}$ 1. $\mathrm{i}$ . $\mathrm{m}$ .
.
(3.1) $\omega\in \mathbb{R}$ . $f$ $\hat{f}$ non-zero
. Fourier .
, $[-\lambda, \lambda]$ (the functions of Bound Lim-
ited in $[-\lambda, \lambda])$ $BL_{\lambda}$ :
$BL_{\lambda}=$ { $f\in L^{2}(\mathbb{R})$ : $\hat{f}(\omega)=0$ for $\omega(|\omega|’>\lambda)$ }.
$[-\lambda, \lambda]$ (bandwidth of frequency) $\text{ }.\text{ }$ .
\S .
3.1 $BL_{\lambda}$ Hilbert $L^{2}(\mathbb{R})$ . , $BL_{\lambda}$
Hilbert .
Fourier Plancherel . $BL_{\lambda}$
convolution $f*g,$ $*$-involution $f^{*}$ ,
, – , .
\S 4. RKHS $BL_{\lambda}$
Hilbert RKHS , \S 2 ,
$BL_{\lambda}$ example . \S 2 base
– $\Gamma$ ,
$\Gamma=\mathbb{R}=(-\infty, \infty)$ ( )
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. , – $S_{\lambda}(\cdot)$ :
(Sampling function) $S_{\lambda}(\cdot)$ ( $\lambda>0$ , fixed) ,
$S_{\lambda}(t)=\{$
$2 \lambda\frac{\sin 2\pi\lambda t}{2\pi\lambda t}$
$(.t\neq 0, t\in \mathbb{R})$
$2\lambda$ $(t=0)$
(4.1)
( $2\lambda \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{c}(2\pi\lambda t)$ ). Fourier
$\overline{S_{\lambda}}(\omega)=1_{[-\lambda,\lambda]}(\omega)$ ( $[-\lambda,$ $\lambda]$ ). (4.2)
$S_{\lambda}(\cdot)$ $sarrow s-t$ $\mathrm{R}\mathrm{K}K(\cdot, \cdot)$ . Kernel
$K(\cdot, \cdot)$ :
$K(s, t)=\{$
$2 \lambda\frac{\sin 2T\lambda(_{S}-t)}{2\pi\lambda(s-t)}$ $(s\neq t)$
$2\lambda$ $(_{S=}t)$
, $S_{\lambda}$
$K(s, t)=S_{\lambda}(s-t)$ , $s,$ $t\in \mathbb{R}$ .
.
$4.1\rangle\rangle$ (Yao) Hilbert $BL_{\lambda}$ $K(\cdot, \cdot)$ $\mathrm{R}\mathrm{K}$ RKHS ,
$BL_{\lambda}=\mathcal{H}(K)$ .
. $BL_{\lambda}$ , $f\in L^{2}(\mathbb{R})$ :
$f\in BL_{\lambda}\Leftrightarrow\hat{f}(\omega \mathrm{I}=0, \forall\omega(|\omega|>\lambda)$.
$K_{t}(s)=K(s, t)$ , (4.2) , $\forall f\in BL_{\lambda}$
$\overline{S_{\lambda}}(\omega)\hat{f}(\omega)=\hat{f}(\omega)$
$\mathrm{a}.\mathrm{e}$ . $\omega\in \mathbb{R}$ . (4.3)
, $\forall f\in BL_{\lambda},$ $\forall t\in \mathbb{R}$ ,
$\langle K_{t}, f\rangle=\int_{-\infty}^{\infty}\overline{K(s,t)}f(s)dS=\int_{-\infty}^{\infty}\overline{s_{\lambda}(s-t)}f(s)dS=(S_{\lambda^{*}}f)(t)=f(t)$ . (4.4)





\S 5. RKHS – $\{BL_{\lambda}\}_{\lambda>0}$ Spectral Resolution $\int\cdot dE_{\lambda}^{S}$
Hilbert $\prime H$ $A$ $\{E_{\lambda}^{A}\}$
$A= \int_{-\infty}^{\infty}\lambda dE_{\lambda}^{A}$ (5.1)
. $\{E_{\lambda}^{A}\}$ \infty $<\lambda<\infty$ ( $\lambda\in \mathbb{R}$ ) $\mathcal{H}$
: $E_{\lambda_{1}}^{A}\leq E_{\lambda_{2}}^{A}$ $(\lambda_{1}\leq\lambda_{2})$ $\forall f\in \mathcal{H}$
$\lim_{\lambdaarrow-\infty}E_{\lambda}Af=0$ , $\lim_{\lambdaarrow+\infty}E^{A}\lambda f=f$ , $\lim_{\epsilon\downarrow 0}E^{A}\lambda+\in f=E_{\lambda}^{A}f$.
$\lim$ . , Hilbert , ,
– von Neumann
. – $P$ $Q$
:
$Pf= \frac{1}{2\pi i}\frac{d}{dt}f$, $(Qf)(t)=tf(t)$ .
$P_{\mathrm{i}}.Q$ essentially $\mathrm{s}.\mathrm{a}$ . , extend ( $P,$ $Q$
) .
$P= \int_{-\infty}^{\infty}\lambda dE_{\lambda}^{P}$ , $Q= \int_{-\infty}^{\infty}\lambda dE_{\lambda}^{Q}$ (5.2)
. $P$ $Q$ $E_{\lambda}^{P},$ $E_{\lambda}^{Q}$ $L^{2}(\mathbb{R})$ Fourier ,
:
$P=\mathcal{F}^{-1}Q\mathcal{F}$ , $Q=\mathcal{F}P\mathcal{F}^{-1}$ , $E^{P}=\mathcal{F}^{-1}E^{Q}\mathcal{F}$ , $E^{Q1P1}=\mathcal{F}^{-}E\mathcal{F}^{-}$ . (5.3)
– $\mathrm{s}.\mathrm{a}$ . $A$ . $P$ $\{E_{\lambda}^{P}\}$
$A$ $\{E_{\lambda}^{A}\}$ (cf. (5.1)). $\forall\lambda\geq 0$ ,
$F_{\lambda}$ :
$F_{\lambda}=E_{\sqrt{\lambda}}^{4}.-E_{-}^{A}\sqrt{\lambda}-0$ $(\lambda\geq 0)$ .
$\{E_{\dot{\lambda}}^{4}\}$ $\{F_{\lambda}\}\lambda\geq 0$ .
$A^{2}$ $=$ $\int_{-\infty}^{\infty}\lambda 2dE_{\lambda}^{A}=(\int_{-\infty}^{0}+\int_{+0}^{\infty})\lambda^{2}dE_{\lambda}^{A}$
$=$ $\int_{0}^{\infty}\lambda dE_{\sqrt{\lambda}^{-}}A\int_{0}^{\infty}\lambda dE_{-\sqrt{\lambda}-0}A=\int_{0}^{\infty}\lambda dF_{\lambda}$ (5.4)
$F_{\lambda}=E_{\lambda}-42$ $(\lambda\geq 0)$ .
122
$P,$ $Q$ :
$Q$ $E_{\lambda}^{Q}$ , $\forall f\in L^{1}(\mathbb{R})$ $-\infty<\forall\lambda<\infty$
$(E_{\lambda}^{Q}f)(t)=1_{(-\infty,\lambda]}(t)\cdot f(t)$ $\mathrm{a}.\mathrm{e}$ . $t\in \mathbb{R}$ .






( $f^{*}(t)=\overline{f(-t)}$ ). – $\forall f\in L^{2}(\mathbb{R})$
$E_{\lambda}^{S}f=s_{\lambda f}*$ $(\lambda\geq 0)$ (5.5)
, $E_{\lambda}^{S}$ :
$(E_{\lambda}^{S})^{2}f=E_{\lambda}^{S}(s_{\lambda}*f)=S_{\lambda}*S_{\lambda}*=S_{\lambda}*f=E_{\lambda}^{S}f$,
$\langle(E_{\lambda}^{S})*f,$ $g\rangle=\langle f, E_{\lambda}^{s}g\rangle=\langle f,$ $S_{\lambda^{*g\rangle}}=\langle S_{\lambda}*f, g\rangle=\langle E_{\lambda}^{S}f, g\rangle$ .







$=$ $E_{\sqrt{\lambda}}^{P}f-E^{P}-\sqrt{\lambda}-0f$ $(\lambda\geq 0)$ .
$A$ (5.4)
$\int^{\infty}0=\lambda dE_{\lambda}^{S}f\int 0\infty\lambda d(E_{\sqrt{\lambda}}P-E-\sqrt{\lambda}-0P)=\int_{0}^{\infty}\lambda dE_{\lambda}^{P^{2}}$ .
:
$5.1\rangle\rangle$ $\{S_{\lambda}., \lambda\geq 0\}$ $L^{2}(\mathbb{R})$
$\{E_{\lambda}^{S}; \lambda\geq 0\}$ ( $=$ )
$P^{2}$ – ,
$E_{\lambda}^{s_{=}}E_{\lambda}^{P^{2}}$ , $P^{2}= \frac{-1}{(2\pi)^{2}}\frac{d^{2}}{dt^{2}}=\int_{0}^{\infty}\lambda dE_{\lambda}^{s}$ .
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Fourier $\mathcal{F}$ $F^{-1}$ $Q^{2}$
, square root $Q$ ,
.
Concluding Remarks.
$S_{\lambda}(\cdot)$ RKHS $BL_{\lambda}$ , $S_{\lambda}(\cdot)$ convolution
$L^{2}(\mathbb{R})$ , $BL_{\lambda}$ $E_{\lambda}^{S}$ . ,
$\lambda$ $\{E_{\lambda}^{S}\}$ Spectral measure ,
Spectral Integral ,
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